Abstract. -It has been shown that 5-dimensional general relativity action extended by appropriate quadratic terms admits a singular superconducting cosmic string solution. We search for cosmic strings endowed with similar and extended physical properties by directly integrating the non-linear matrix field equations thus avoiding the perturbative approach by which we constructed the above-mentioned exact solution. The most general superconducting cosmic string, subject to some constraints, will be derived and shown to be mathematically unique up to linear coordinate transformations mixing its Killing vectors. The most general solution, however, is not globally equivalent to the old one due to the existence of Killing vectors with closed orbits.
Introduction. -In d -dimensional general relativity (GR) or Kaluza-Klein (KK) theories (d > 4), one can generate non-linear electrodynamics just by coupling the usual scalar curvature to quadratic and higher order terms in the curvature making up the Gauss-Bonnet (GB) term. It has been shown that for (d > 4) the inclusion of these extra terms in the Lagrangian leads to modified, most general field equations including up to second-order derivatives of the metric [1] , which upon 4+(d−4) dimensional reduction split into a set of equations governing non-linear 4-dimensional GR coupled to both non-linear electrodynamics and scalar fields [2] [3] [4] [5] [6] [7] [8] . The effective reduced equations are not equivalent to those obtained upon coupling 4-dimensional GR to non-linear electrodynamics [9] [10] [11] , nor are they equivalent to those derived from higher dimensional Einstein-Maxwell or Einstein-Born-Infeld theories modified by GB term [12] [13] [14] [15] .
Some solutions to these extendedà la GB KK theories under the spherical and cylindrical symmetry assumptions were constructed and interpreted as singular static black holes [7] and singular 4-stationary neutral, charged or superconducting cosmic strings as well as multiple cosmic strings [8] , respectively. Regular wormhole-type solutions have been constructed too [14, 16, 17] , some of which do not violate the weak energy condition [16] and others do not violate any energy condition [17] . Generalizedà la GB GR theories have gained their sharp appeal these last three years with ever-decreasing efforts in dealing with up-to-date problems of black holes, brane world models, gravitational dark energy, cosmic acceleration and string theory [14, 15, [17] [18] [19] [20] [21] [22] [23] [24] [25] . This parallels a renewed interest in string theory fueled by the discovery of Capodimonte-Sternberg-Lens Candidate, CSL-1, a pair of aligned galaxies which lie at a redshift of z = 0.46 whose double image could be a result of gravitational lensing caused by a cosmic string [26] . The connection is that the GB Lagrangian (GBL) appears in the low energy limit of string theory and its linearized form (GBL) leads upon quantization to ghost-free theory [2, 22] .
In the second section the KK theory extended by GB term is introduced and the field equations under the cylindrical symmetry assumption are derived. The cosmicstring solutions obtained so far are discussed and classified. In the third section we derive by a cognitive approach the most general superconducting cosmic-string solution subject to some constraints and prove its unicity up to similarity transformations. In the fourth section we discuss the physical content of the new solution and conclude in the last section.
Quadratic Kaluza-Klein theory. -In 5 -dimensional GR the most general field equations containing at most second order partial derivatives of the metric write upon ignoring a cosmological term
p-1 where γ is a constant and L AB is the covariantly conserved (L AB ;A = 0) Lanczos tensor associated with the GBL density L From now on we restrict ourselves to stationary cylindrically symmetric 5-dimensional metrics. Such metrics have four commuting Killing vectors ξ a A = δ a A (a, b = 2, . . . , 5), one of which (ξ 4 A ) is timelike, and two of which (ξ 2 A & ξ 5 A ) have closed orbits. Using the coordinates adapted to these vectors, the 5-metric can be parameterized as ds
where
are periodic, x 4 = t is timelike, x 3 = z and ρ is a radial coordinate. λ ab (ρ) is a 4×4 real symmetrical matrix of signature (--+ -) so that the 5-metric has a Lorentzian signature (---+ -). Introducing the matrices
(1) reduce to a system of non-linear scalar & matrix differential equations
The system (4 & 5) remains invariant if one performs a linear coordinate transformation with constant coefficients mixing the four commuting Killing vectors together and their associated cyclic coordinates
where S a b is a constant real matrix. Here
N are the old and new coordinates, respectively. Such a transformation is equivalent to a similarity transformation on χ (χ = Sχ N S −1 ). Solutions related by such transformations belong actually to the same class of equivalence. However, when some Killing vectors have closed orbits, say ξ 2 A and ξ 5 A in our case, it is possible to generate new solutions which are not globally equivalent to old ones if one at least of these two vectors is re-scaled or mixed with the others as a result of the transformation (6) . For instance, we have shown in sect. 4 of ref. [8] how to obtain a magnetic spacetime from Minkowski spacetime upon performing a similarity transformation (6) on the latter.
For the case γ = 0, corresponding to pure KK theory, the whole set of exact solutions to the system (4 & 5) have been systematically constructed, classified and interpreted as neutral or charged cosmic strings [8] . We found that two classes (7) among these solutions solve trivially (4 & 5) for γ = 0 since their Lanczos term vanishes identically; furthermore, they have been shown to be unique mathematical solutions up to linear coordinate transformations (6) . A non-trivial solution with non-vanishing lanczos term (γ = 0) has been derived by a perturbative approach, however, turned out to be exact and interpreted as a superconducting cosmic string (8) . The purpose of this note is to derive the most general superconducting cosmic-string solution by directly integrating the non-linear field equations (4 & 5) under the same assumptions we made in our previous work and prove its unicity from a mathematical point of view, which has been left open so far.
For the case γ = 0, we mainly focused on a) the search for solutions depending on a scalar function ω(ρ) and a constant real matrix A of the form χ = ω(ρ)A. We have shown that the mathematically unique solution is [8] 
where r(A) denotes the rank of A. The solution with rank 1 has been interpreted as a neutral cosmic string and that with rank 2 as a charged cosmic string. For both strings the Lanczos term vanishes identically so they are trivial solutions. Notice that because of (7) any similarity transformation on A, induced by a coordinate transformation of the form (6), results in a similarity transformation on χ and conversely. A result from matrix theory confirms that two matrices related by a similarity transformation have the same rank [27] . Since neutral and charged cosmic strings have different ranks so they cannot be related by a similarity transformation, consequently they do not belong to the same class of equivalence. Then b) by a perturbative analysis the search for asymptotic solutions extending those derived in a). The perturbative analysis consisted in retaining the first few terms of the power series of χ in powers of 1/ρ, that is,
3 )E where the first term χ 0 = (2/ρ)A is the unique exact solution found in a) and the 4×4 constant real matrices D & E had to be determined solving the non-linear system (4 & 5) . We ended by finding the exact non-trivial solution
with TrA = TrA 2 = TrA 3 = 1 , DetA = 0 , r(A) = 3 , however, we failed to prove that it is mathematically the unique polynomial solution subject to the constraints (9) . The perturbative approach has masked some features of the system that we will recover here. In fact, the nonlinear system (4 & 5) can be directly integrated leading to the most general non-trivial solution (30). Solution (8) has been interpreted as an extended superconducting cosp-2 mic string surrounding a longitudinally boosted electrically charged naked cosmic string [8] .
In both solutions (7) & (8) the invariants of A are subject to the constraints
which reduce its characteristic equation to A 4 = A 3 . A has then the eigenvalues 1, 0, 0 & 0 without necessarily being diagonalizable. Instead, the simplest form to which A can be brought by a similarity transformation is the Jordan normal form [27] 
where ǫ 1 , ǫ 2 = 0 or 1. Only the case ǫ 1 = 0 & ǫ 2 = 0 corresponding to r(A) = 1 is diagonalizable. The case r(A) = 2 corresponds either to (ǫ 1 = 0 & ǫ 2 = 1) or to (ǫ 1 = 1 & ǫ 2 = 0) and the case r(A) = 3 corresponds to ǫ 1 = ǫ 2 = 1. Now, with A constrained by (9) , it is straightforward to check that r(A) = 1 or 2 implies A 3 − A 2 = 0, hence (7) is just a special case of (8) and the two solutions can be combined in one
(without constraining r(A)), where the invarinats of A are constrained by (9) . The three cases with r(A) = 1, 2 or 3 do not belong to the same class of equivalence.
Exact solutions. -The solution shown in (11) is a special form of the more general case of χ(ρ) being polynomial in a constant real matrix A with scalar coefficients. Using the characteristic equation of A, one can eliminate any power of A higher than 3, hence the most general form of χ depending on a constant real matrix is a polynomial in A of third degree of the form
The constraints (9) on the invariants of A have ensured the existence of neutral, charged and superconducting cosmic strings so we will maintain them in our quest for new nontrivial cosmic strings and focus on the determination of the four real functions shown in (12) . Since the system (4 & 5) is non-linear, it may admit different solutions than those shown in (11).
Case η ≡ 0. First we assume that η(ρ) ≡ 0 and reparameterize (12) by β(ρ), δ(ρ) and T (ρ) ≡ Trχ(ρ)
The set of conditions (9) implies the relation A n = A 3 for n ≥ 3 together with (13) reduce the system (4 & 5) to a scalar equation
along with a polynomial of degree 3 in A with scalar coefficients
Eq. (14) being satisfied, the polynomial (15) reduces taking into account the relations (16 to 18) to (21) and reduces further upon multiplying by A and using (21) along with A n = A 3 for n ≥ 3 to
First, consider the case P 3 = 0 & A 3 = A 2 which leads upon substituting into (20) to A 2 = A. Now, the relations A 3 = A 2 = A, leading to r(A) = 1 or 2, reduce (13) to χ = T A of the form (7) already discussed.
We then expect new solutions from the other alternative
with necessarly r(A) = 3 (DetA = 0), leading taking into account (21) to
Now, equations (23 & 24) together reduce (20) to P 1 = 0 = −P 2 . Hence (14) along with the alternative (23) lead to the vanishing of the coefficients and the independent term of the polynomial (15). We will now proceed to the resolution of the equations P 5 = 0, P 3 = 0 & P 1 = 0; the other equations, P 4 = 0 & P 2 = 0, will be satisfied consequentially. For that end we need to rewrite P 1 = 0, where P 1 given by (19) , in a simplified form using (14) to eliminate T ,ρ and (23) to eliminate (β + δ) ,ρ . Hence, when P 5 = 0 & P 3 = 0 are satisfied we have
Equation (14) has two solutions T = 0 & T = 2/ρ. If T = 0, (23) implies β + δ = c 1 and (25) implies δ = c 2 . Hence, χ = −c 1 A+(c 1 −c 2 )A 2 +c 2 A 3 is a constant matrix case, which is already discussed in [8] .
Consider the other solution for T : T = 2/ρ where we have omitted an insignificant additive constant in the denominator. With this value of T , equation (23) Integrating this last equation, we obtain introducing a real constant of integration 2K
and then substituting into (13) we obtain
One sees that the solution (11) is a special case of (28).
2) The other solution to (23) is proportional to T given, introducing a real constant of integration L = 0, by β + δ = 2L/ρ = LT . Substituting into (25) and introducing Γ = γ(1 − L)
2 we obtain the equation δ ,ρ + (1/2)T δ − (Γ/2)T 4 = 0 (with T = 2/ρ) which is similar to (26) and hence has the same solution
Finally, substituting T = 2/ρ and the corresponding expressions for δ & β shown in the previous equation into (13) we obtain
Introducing the two relevant physical constants A , which has closed orbits, and mixing it with ξ 4 A . Hence, the new solution (31) is not globally equivalent to (11) [8] .
ii) If
Case η = 0. Let us now assume that η(ρ) = 0. We will show that the system (4 & 5) does not admit any solution of the form (12) if the constraints (9) are satisfied. Since the latter lead to A n = A 3 for n ≥ 3 we have then TrA m = 1 for m ≥ 1 and consequently A m = 0 for m ≥ 1. Now, substituting (9 & 12) into the system (4 & 5) and using A n = A 3 for n ≥ 3, the latter reduces to
where P 1 to P 5 are expressed in terms of the unknown functions η, ω, β & δ. Multiplying (33) by A 3 and using once more A n = A 3 for n ≥ 3 along with A m = 0 for m ≥ 1, we obtain
The trace of (33) leads to
The homogeneous system (34 & 35) in the two variables P 4 & (P 3 + P 2 + P 1 ) has only trivial solutions
Now, it is straightforward to show that the system of three equations (32 & 36) does not admit any solution if η(ρ) = 0. In (12), re-parameterizing χ by η, σ = ω+β+δ, β & δ, the system of three equations (32 & 36) writes
+ γη 2 [12η 2 + (35/4)ησ + (5/4)σ 2 ] = 0 ;
The three first order differential equations (37 to 39), which do not depend on β and δ, have to be solved for η & σ. When η(ρ) = 0, this system will not admit any solution unless one of the three equations is a combination of the two others. A way to check that is to solve for the derivatives η ,ρ & σ ,ρ using (37) & (39) then substitute them into (38) whose expression has to vanish identically. We have checked it directly and found out that the expression of P 4 (38) reduces, but does not vanish identically, to
The superconducting cosmic string. -The 5-metric (3) is found upon integrating χ ≡ λ −1 λ ,ρ using (30) or (31)
where C is a constant real matrix of signature (--+ -). Since λ is symmetrical, C satisfies the relations C = C 
the 5-metric (3) writes
where p = (a 2 + 2b)/4 − (aI/2V ), Q(ρ) = ln(ρ/ρ 0 ) and ρ 0 is such that a = 2V ln ρ 0 .
The metric (43) is subject to the following interpretation. As we did earlier [8] , reinterpreting the Lanczos term −(γ/8πG)L 
where ∆ is the covariant Laplacian with respect to the metric dρ 
Hence, the tension (T Since the rank of A is unconstrained, the different solutions are classified according to its values in such a way that solutions with the same rank of A belong to the same class of equivalence. Neutral and charged cosmic strings correspond to r(A) = 1 & r(A) = 2, respectively, while the generic case r(A) = 3 corresponds to superconducting cosmic strings. 4-stationary solutions belonging to same class of equivalence are not all globally equivalent due to the existence of two Killing vectors with closed orbits. For r(A) = 3, we have shown that the most general superconducting cosmic string is in arbitrary translational motion parallel to its axis, carries an arbitrary electric current and is surrounded by a continuous longitudinal current density.
The question whether the non-linear system (4 & 5) admits other polynomial solutions in a constant matrix A, however, constrained by other conditions than those shown above is still an open topic. On the other hand, there is no reason to restrict oneself to solutions depending on a constant matrix; are there solutions of different shapes, for instance solutions depending on two constant matrices? In a project that we are realizing, these questions are only party answered: we managed to prove that any solution χ(ρ) to the system (4 & 5) is necessarily a polynomial in a constant real matrix with scalar coefficients depending on ρ [28] . This restricts the search for new solutions to polynomials.
